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POSITIVITY OF THE BONDI MASS IN BONDI'S 
\b'- RADIATING SPACETIMES 

O 
O 
CN ■ WEN-LING HUANG, SHING TUNG YAU, AND XIAO ZHANG 

r~^ [ Abstract. We find two conditions related to the news functions 

of the Bondi's radiating vacuum spacetimes. We provide a com- 
^N I plete proof of the positivity of the Bondi mass by using Schoen- 

Yau's method under one condition and by using Witten's method 
under another condition. 

q 

r^' 1. Introduction 

a ■ 

Gravitational waves are predicted by Einstein's general relativity. 

They are time dependent solutions of the Einstein field equations which 

radiate or transport energy. Although they have not been detected yet, 

^ ■ the existence of gravitational waves has been proved indirectly from 

•^ ■ observations of the pulsar PSR 1913+16. This rapidly rotating binary 

system should emit gravitational radiation, hence lose energy and ro- 

■^ I tate faster. The observed relative change in period agrees remarkably 

^ ' with the theoretical value . 

O, 
fH '■ A fundamental conjecture is that gravitational waves can not carry 

t^ I away more energy than they have initially in an isolated gravitational 

system. It is usually referred as the positive mass conjecture at null 
infinity. In the Bondi's radiating vacuum spacetime, this conjecture is 
equivalent to the positivity of the Bondi mass. In the pioneering work 
r> I of Bondi, van der Burg, Metzner and Sachs on the gravitational waves 

c3 ■ in vacuum spacetimes, the Bondi mass associated to each null cone is 

defined and their main result asserts that this Bondi mass is always 
non- increasing with respect to the retarded time J21E1^1- Therefore, 
the Bondi mass can be interpreted as the total mass of the isolated 
physical system measured after the loss due to the gravitational radi- 
ation up to that time. The proof of the positivity of the Bondi mass 
was outlined by Schoen-Yau modifying their arguments in the proof of 
the positivity of the ADM mass [17]. It was also outlined by physicists 
applying Witten's spinor method, eg, see [TTl IHl d [131 lEl HDl- The 
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main goal of this paper is to find a complete proof of the positivity. 
Indeed, we find certain conditions related to the news functions of the 
system. The Bondi mass is nonnegative under these conditions. 

It is an open problem whether vacuum Einstein field equations al- 
ways develop logarithmic singularities at null infinity. In [7j, the au- 
thors studied the polyhomogeneous Bondi expansions. The w-evolution 
equations actually indicate that the logarithmic singularities at null in- 
finity can be removed in the axisymmetric case (Appendix D of |7j) if 
the free function 72(m, x") is chosen to be zero and 73,1(^01 2;") is chosen 
to be zero for some Uq. It is quite possible that the Bondi's radiating 
vacuum spacetime does not develop any logarithmic singularity at null 
infinity after suitable "gauge fixing" . Therefore we do not consider the 
polyhomogeneous Bondi expansions ^3] in the present paper. 

The paper is organized as follows. In Section 2, we state some well- 
known formulas and results of Bondi, van der Burg, Metzner and Sachs. 
We employ two fundamental assumptions: Condition A and Condi- 
tion B. We also derive a generalized Bondi mass loss formula under 
these two conditions. In Section 3, we study some basic geometry of 
the asymptotically null spacelike hypersurfaces. We compute the as- 
ymptotic behaviors of the induced metric and the second fundamental 
form of an asymptotically null spacelike hypersurface given by a cer- 
tain graph. In Section 4, we use Schoen-Yau's method to prove, under 
Condition A and Condition B, if there is a retarded time uq such 
that J^{uo, 9, -0) defined in Section 2 is constant, then the Bondi mass 
is nonnegative in the region {u < Uq}, and the Bondi mass is zero at 
u G (— CX3, Uq] if and only if the spacetime is fiat in certain neighbour- 
hood of spacelike hypersurface {u = uq + ^/1 + r'^ — r}. In Section 5, we 
use Witten's method to prove, under Condition A and Condition 
B, if there is a retarded time uq such that c{uo, 0, ip) = d{uQ, 9, -0) = 0, 
then the Bondi mass is nonnegative in the region {u < Uq}, and the 
Bondi mass is zero at u & {—00 , uq] ii and only if the spacetime is fiat in 
certain neighbourhood of spacelike hypersurface {u = Uo+y/1 + r'^—r}. 
In Section 6, we modify the definition of the Bondi energy-momentum 
and prove its positivity without Condition B. 
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2. BONDI'S RADIATING SPACETIMES 

We assume that (L ' , ^) is a vacuum spacetime (possible with black 
holes) and g takes the following Bondi's radiating metric 

\ r 

+2r^UW sinh 2^) du^ - 2e^^dudr 

-2r2 (e^^U cosh 25 + W sinh 25\ dudd 

-2r2 (e~^"'W cosh 26 + U sinh 2^) sin Odudtlj 

W ((?^ cosh 2Md'^ + e~2^ cosh 25 sin^ Qdi\}'^ 

+2sinh2(5sinerf^rf^) (2.1) 

in coordinates (m, r, ^, -0) (-u is retarded time) where 

-oo < ti < oo, r > 0, < 6' < TT, < ^ < 271, 
Denote 

a;° = M, x"*^ = r, x^ = ^, x^ = ip. 

We suppose that (3, 7, 5, f7, 1/ and W are smooth functions of u, r, 9, tfj. 
Denote f^,y = -g^ for v = 0,1,2,3 throughout the paper. The metric 
()2.ip was studied by Bondi, van der Burg, Metzner and Sachs in the 
theory of gravitational waves in general relativity [21 El QHl- They 
proved that the following asymptotic behavior holds for r sufficiently 
large if the spacetime satisfies the outgoing radiation condition [I^ 

c{u,e,ij) ^ C(n, g, ^) - |c3 - fcd^ I ofM 



rr^'J ^ ji-i4t ■' 



c^ + d^ ^,1. 



iy * (1^^ / 
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where 

/ = c,2 + 2ccot ^ + (i_3csc6', 
/ = d^2 + 2(i cot 9 — c,3 CSC 9, 
p = 2N + 3(cc 2 + dd2) + ^{(? + d^) cot 9 

—1{c^j,d — cd^s) CSC 9, 
p = 2P + 2(c2C^ — crf2) + 3(cc3 + (ids) csc6', 

M = N^2 + cot 9 + Fa esc 9 - ^ — 

- [(c 2)^ + (c?,2)^] - 4(cc 2 + dd^2) cot ^ 

-4(c2 + rf2) cot^ ^ - [(c 3)' + (f/,3)'] csc^ 9 

+4(c 3(i — cd^s) CSC 9 cot ^ + 2(c,3(i^2 — c 2(^,3) esc ^. 

Here M is refereed as the mass aspect and c^Oj t^.o are refereed as the 
news functions. The u-derivatives of certain functions are 

c^co , , , corf^ cM d\ 

On = h caa 

,u 2^ •'J 224 

A^2- A^cot6'-F3Csc6' 



4 
c2(io , c^oc?^ rfM cX 

,u 2'22 4 

P2-^cot^ + A^,3CSC6' 

4 ^ ' 

Mo = -[(Co)'+Ko)'] +7T(^,2 + /cot^ + r3CSCe)Q, 



2 



A 3 CSC 9 



3N^o = -M,2 - -^ (c,oc 2 + (i,orf 2) 

— 3(cc,02 + c^'^,02) — 4(cco + c^c^.o) cot 6* 

+ (c,0<^,3 - C 3t^,0 + 3c 03<^ - Serf 03) CSC 9, 

3Fo = -M3 CSC ^ + ^ + (c 2t?,o - c,od,2) 

+3(c(i,02 — co2'^) + 4(c(i,o — cot?) cot 9 

-(coC3 + rfot^,3 + 3CC03 + 3rf(i,03) CSC 61 

where 

X = lo + loot 9 — I -x CSC 9. 
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Denote 

M{u,9,ij) = M{u,e,ilj)-^{l,2 + lcote + J^3Csc9) (2.2) 

= Miu, e,ij)-^[- 2c{u, e, ^) + c 22(«, 0, ij) 

— CSC^ 9c^33{u, 0, ^) + 2 CSC 9d^23{u, d, ^) 

+3 cot 6*0 2(m, 6*, ^) + 2 cot 6 esc Od^^iu, 9, ^)] . 
Its u-derivative is 

M,o = -[{cof + {d,of]. (2.3) 



There are some physical conditions [2[ ^J ^] ensuring the regularity 
of ()2.1|) . In this paper, however, we assume 

Condition A: Each of the six functions f3, 7, 6, U, V, W together 
with its derivatives up to the second orders are equal at ^/^ = 
and 2n. 

Condition B: For all u, 

c{u,0,'ijj)d'ilj = 0, / c{u^'K,'ip)dil) = Q. 
Jo 

Let N^^o be a null hypersurface which is given hy u = Uq. The Bondi 
energy-momentum of N„o is defined by J21E1: 

m,{uo) = ^ f M{uo,e,ilj)n'dS (2.4) 

47r Js2 

where z^ = 0,l,2,3, ra° = l, n* the restriction of the natural coordinate 
x* to the unit sphere, i.e., 

n*^ = 1, ra"*^ = sin6'cos'0, n^ = sin6'sin'0, ?t,^ = cos6'. 

Under Condition A and Condition B, we have [21 US I22| 

^m. = -^ / [(Co)' + {d,,f]rfdS (2.5) 

for u = 0,1,2,3. When i/ = 0, this is the famous Bondi mass loss 
formula. 

The following proposition can be viewed as generalized Bondi mass 
loss formula. However, it does not seem to appear in any literature 
before. 
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Proposition 2.1. Let (L^'"*^,^) be a vacuum Bondi's radiating space- 
time with m,etric g given by 112.1]) . Suppose that Condition A and 
Condition B hold. Then 



Aih-, E"?)^"- (26) 



Proof : Denote |m| = ^/mf + rn^ + rn^ . We assume |m| 7^ other- 
wise it reduces to the Bondi mass-loss formula. We have 

d / , ,x drrin 1 v^ dnii 

■rrii 



( _ I |^ _ ""^0 L \^ 

du du \m\ ^-^ du 



l<i<3 



-i{Jj(^^oy + (^^^)']'^s 



^ V m, / [{cof + {d,o?]n'ds]. 



\m, 

l<i<3 



Thus -^{ttio — \m\) < is equivalent to 

J2 m, f [(Co)' + {d,o)']n'dS < \m\ f [(cq)' + id,o)']dS. 

Using (ra^)^ + (n^)^ + {n^y = 1, we obtain 

E {/ [ic,or+{dorydsy 

E { / [icor + {dor]ds]{ I [{c,o? + {dflfWfdS 
[(co)' + (do)']rf5 



l<i<3 
< 



'52 

Then by Cauchy-Schwarz inequality, 



^A^O J S 



1<2<3 ^^^ 



^ H./E { / [{c.o? + {d^oY^ds] 

< \m\ f [{cof + {d,of]dS. 
Therefore (jTSD holds. Q.E.D. 
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3. Asymptotically null spacelike hypersurfaces 

The hypersurface u = y/1 + r^ — r in the Minkowski spacetime is a 
hyperbola equipped with the standard hyperbohc 3- metric g. Let {cj} 
be the frame 

d ^ 1 d ^ Id 



e^ = Vl + r2--, 62 = -7^, 63 



dr r 89 r sin 6 dip 

Let {e'} be the coframe. Denote Vj = Ve^, etc., where V is the Levi- 
Civita connection of g. The connection 1-forms {uJij} are given by 
de* = —ujij A e^ or Vcj = —u>ij (S> Cj. They are 



Vl + r^ .2 ^ Vl + r2 „ ^ cot ^ . 
Wi2 = e , Wi3 = e , ^23 = e . 

/yt iy-> lY' 

Let X be a spacehke hypersurface in vacuum Bondi's radiating space- 
time (L ' ,^) with metric ()2.H1 . which is given by the inclusion: 

i : X'^ — ^ L^'^ 

{y\y^,y^) i — > {x\x\x^,x^) 

for r sufficiently large, where 

2^° = M(?/^?/^2/^), x^=?/^ = r, x'^ = y^ = e, x^ = y^ = tjj. 

Let (yf = 2*5' be the induced metric of X and h be the second fundamental 
form of X. Let V be the Levi-Civita connection of L ' . For any tangent 
vectors Yi,Yj E TX, i^, Yi, % Yj are the tangent vectors along X, 

g{Yi,Yj) = g{z^Y„%Yj). 

Let e„ be the downward unit normal of X. The second fundamental 
form is defined as 

h (Yi ,Yj) = g ( Vi. Y, i* Yj , e„) . 

Now it is a straightforward computation that 

. d d dx°' d dx'^ d 

* dy'^ dx'^ dy'- dx^ dy^ dx^ 
Denote e^ = z^Cj. Then 

ei = Vl + r2ii,i(9o + ei, 62 = ^^0 + 62, 63 = — ^— c?o + 63.(3.!) 

r r sm 6 

Definition 3.1. A spacelike hypersurface (X, (7, h) in an asymptotically 
flat spacetime is asymptotically null of order T>Oif, for r sufficiently 
large, g{ei, Cj) = Sij + aij, h{ei, Cj) = 6ij + bij, where Oij, bij satisfy 

{aij,Vkaij,ViVkaij,bij,Vkbij} =0{—). (3.2) 
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Let (X, g, h) be an asymptotically null spacelike liypersurface with 
the induced metric g and the second fundamental form h in vacuum 
Bondi's radiating spacetime (L^'^,^), which is given by 

« = VrT7^-r + i^^±^ + ^2<M + „, (3,3) 



12r3 ' r^ 

where a4(r, 6, i/j) is a smooth function which satisfies: In the Euclidean 
coordinate systems {-§*}, \z\ = r, 

«4 = o(^) , 4a4 = o(^) , dkdia^ = o(-) 

as r -^ oo. We will compute asymptotic behaviors of the induced 
metric and the second fundamental form of X. The induced metric can 
be obtained by substituting du into (j2.1|) . Let X„ be the downward 
normal vector 

Let Cj be given by ()3.H) . Since Xn is orthogonal to Cj, we obtain 

g{ei,Xn) = 0. 

This implies that ^* satisfies the following equations 

{u,i goo + goi) + ^ (w.i goj + 9ij) = 

for i = 1,2,3. Therefore ^* can be found by solving linear algebraic 
equations and the unit normal vector is 

Xn 



y/-g{Xn,Xny 
The second fundamental form is then given by 

h{ei,ej) = g{Ve,ej,en) 

for 1 < i,j < 3. Now we define a ^ 6 if and only ii a = b + o(^) . For 
r sufficiently large, we expand c, d and M at m = by Taylor series 

c{u,e,^) ^ c{o,e,i;) + co{o,e,ij)u + ^^^^^^^^^u\ (3.4) 

d{u,e,iP) ^ d{0,9,^P) + d,o{0,9,iJ)u+i^^^^^^u^ (3.5) 
M{u,e,ilj) ^ M(0, 9, ij) + Mo(0, e, ij)u + ^'°°^°' ^' "^K ^ (3.6) 
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with the help of Mathematica 5.0, we obtain the asymptotic behaviors 
of the metric g 

16a3 + M — cc — <i(i 



fi^(ei,ei) ^ 1 



2r3 



^(61,62) ^ -7r^ + 



2r2 12r3 



5f(ei,e3) ^ -7rT + 



/ 12P -3/,o + 4 CSC 6'(cc 3 + (irf 



,3y 



2^2 ]^2r3 

2c 2(c2 + d2) + co 



51(62,62) ^ l^ h 2 

c^ + cdP + 2C + 2(cc + ddfl) + ^ 

.... 2rf rfo c2d+rf3 + 2iJ + ^ 
^62,63 ^ — + ^ + ^ — 



2c 2{c^ + £) - Co 
-c3 - cd^ -2C + 2(cco + dd^o) - ^ 



^(63,63) ^ 1 h 2 






c2 + (i2 I6a3-M 
/i(ei, ei) ^ IH \ , 

Mei,e2) - ^ + ^[^-2(c^ + rf^)cot^-4iV 

13 
(-cd 3 + c,3(i) CSC 6* — ^(cc 2 + dd^2)] , 

Mei'^s) ~ ^ + ^[f + cd,2-c,2d~4P 

13 

— ^ (cc 3 + c?rf 3) CSC 6*], 

-1 

71(62,62) ^ 1 + ^ + ^ + — [3M-16a3-4C-2/, 

3 

-2c(c2 + d^) + 5(cco + c/rf 0) + -Coo] , 

^62, 63) ^ ^ + ^ + ^[-2d(c' + d^) + 2rfcot2^ 

+2rf csc^ 9 — 4c 3 cot ^ CSC 9 — d 33 csc^ 9 

3 
-rf 2 cot ^ - d^22 - 4:H + -dfio] , 

Me3,e3) - l-^-7? + 4^[3M-16a3 + 4C 

3 

+2c(c2 + d^) + 5(cco + dd^o) - -Coo 

—2/ cot 9 — 2^3 CSC 
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Here all functions in the right hand sides take value at w = and all 
derivatives with respect to x^ and x^ are taken after substituting u = 0. 
Therefore (X, ^r, h) is asymptotically null of order 1. 



4. PosiTiviTY - Schoen-Yau's method 

In this section, we will complete the argument in J7j. Denote by 
(X, g, h) the asymptotically null spacelike hypersurface which is given 
by (j3.3j) for r sufficiently large. In ^7], Schoen-Yau solved the following 
Jang's equation on X: 

^ i + iv/pn^i + iv/|2 '') ^ ' 

under the suitable boundary condition 

/ - /o (4.2) 

as r — > oo such that the metric 

-g = g + Vf®Vf (4.3) 

is asymptotically flat. Denote by J{f) the left hand side of Jang's 
equation (j4.1|) . Note that in the standard hyperbolic 3-space, (14. ip has 
a solution / = vT+r^. Therefore it is reasonable to set 



/o = yl + r^ + o{r). 
Let / be a function on X which has asymptotic expansion 



/ = Vl + r2 + p{e, V') Inr + q{r, 9, ip), (4.4) 

for r sufficiently large, where p{9, ip) is a smooth function on 5*^ and 
g is a smooth function on M which satisfies the following asymptotic 
conditions: In the Euclidean coordinate systems {-2*}, \z\ = r, 

11 1 

q = o{l), dkq = o{-), dkdiq = o{—), dkdidjq = o{—) 

as r — >• cxD. 

Let the standard metric of S'^ be dO"^ + sin'^Odilj'^. The Laplacian 
operator of this metric is 






The spherical harmonics Wj are the eigenfunctions of A52, i.e., As2Wj 
j{j -l)wj for j = 1,2,---. 
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Proposition 4.1. If Jang 's equation l{4-i\ ) has a solution f which has 
the asymptotic expansion \4-4^ for r sufficiently large, then p{0, tfj) and 
A4{0,6,il:) must be constant. 

Proof : A lengthy computation with the help of Mathematica 5.0 
shows that 

for r sufficiently large. That J{f) = implies 

As2p = 0, p-2M = 0. 

As there is no nonconstant harmonic function on S"^, the proposition 
follows. Q.E.D. 

The existence of fl4.1|) under the boundary condition ()4.2|) with 

/o(r) = Vl + r^ + p\nr (4-5) 

for certain constant p can be established as follows: We extend /o to 
the whole X and denote as /o also. Denote Bj^ as the ball of radius 
i? in M . If X has no apparent horizon, the existence theorem for the 
Dirichlet problem [20] indicates that there exists a (smooth) solution 
Ir of dHH) on Br such that 

IbI an ^0 

for sufficiently large R. By the translation invariance of ()4.1|) in the 
vertical direction, we find that 

fR = fR + fo{R) 

is a solution of (j4.1|) which is /o(-R) on dB^. Now the estimates in [TB] 
show that 

Ir — ^ / 

on any compact subset of X, where / is a (smooth) solution of ()4.ip . 
Write f = fo + fi where limj.^oo /i = 0. Substitute it into Jang's 
equation (|4.H) and obtain an equation for /i. Then use the similar 
argument as the proof of Proposition 3 in |16J, we can show that for 
any e G (0, 1), there is a constant C{e) depending only on e and the 
geometry of X such that 

|/i(^)| + \z\\dfi{z)\ + \z\^\ddfi{z)\ + \z\^\dddfi{z)\ < C{e)\z\'. 

Therefore / has asymptotic behaviors ()4.4|) . ()4.5|) for r sufficiently large. 
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By adding one point compactification, the existence of ()4.H1 can be 
extended to X with apparent horizons. See ^B] for detail. 



The foHowing lemma was proved in 

Lemma 4.1. Let (L ' ,^) be a vacuum Bondi's radiating spacetime 
with metric g given by h2.1\] . Suppose that Condition A and Condi- 
tion B hold. Then 

I (/,2 + lcote + [3 CSC e) n^dS = 
for u = 0,1,2,3. 

Theorem 4.1. Let (L^'^,^) be a vacuum Bondi's radiating spacetime 
with metric g given by \2.1]) . Suppose that Condition A and Con- 
dition B hold. If there exists a constant uq such that A4{uo,0,iIj) is 
constant, then 

ruoiu) > 

V l<i<3 

for all u < Uq. If the equality holds for some u E (—00, uq], L^'"*^ is flat 
in the region foliated by all spacelike hypersurfaces which are given by 

u = Uq + vT+r^ — r + o(— ) 

forr sufficiently large. In particular, if the equality holds for allu < uq, 
L^'^ is flat in the region {u < Uq}. 

Proof : Suppose J^{uo,9,ip) = |. By the translation invariance 
of Jang's equation, we can assume that uq = 0. The assumption of 
the theorem ensures that there exists a smooth solution / of Jang's 
equation ()4.H) under the boundary condition ()4.2|) with /q given by 
()4.5|) . It is obvious that the metric g given by ()4.3|) is asymptotic fiat. 
Now we show its ADM total energy is p. Denote by Qq the fiat metric 
of M in polar coordinates. Let {e^} be the frame of go 

n 9 n 1 5 1 ^ 




dr^ r do' r sin 6 dtp 

Let {cq} be the coframe of go. Denote a^j = ^(e°, e°) — 6ij. Now we 
use the ADM energy expression in polar coordinates 

E{g) = T^lim / [(V°)'ai,- - (V°)itr,„(a)]eo' A eo' 
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where V° is the Levi-Civita connection of go- Since 

(Vya,, - (V°)itr,„(«) = ^A,.p+ ^ + o(l), 
we obtain 

Eig) = p. 

Since it satisfies vacuum Einstein field equations, the Bondi's radiating 
metric satisfies the dominant energy condition automatically. There- 
fore the scalar curvature R oi g satisfies 

R> 2\Y?-2div.y 



'9 



JgJ 



for certain vector field in X. Therefore a standard positive mass argu- 
ment [ini 1121 shows that 

Eig)=p>0. 

And p = if and only if the metric g is fiat which implies that (X, g, h) 
can be embedded into the Minkowski spacetime as a spacelike hyper- 
surface with the induced metric g from the Minkowski metric and the 
second fundamental form h. 

Integrating A4{0,9,i/j) = | over unit S^ and using Lemma Wl\ we 
obtain the Bondi energy-momentum of slice u = 

mo(0) = |, mi(0) = m2(0)= 7713(0) = 0. 

Thus the theorem follows from Proposition 12. II Q.E.D. 



5. POSITIVITY - WITTEN'S METHOD 

In this section, we will use Witten's method [1^] and the positive 
mass theorem near null infinity proved by the third author j^U 123 to 
study the positivity of the Bondi mass. Let (X, g,h) be an asymptoti- 
cally null spacelike hypersurface. Denote 

E,{X) - 
PJX) -- 



1671 


- lim 


/ Sn^r 

JSr 


e'A 


e 


1 


lim 


1 Vrfr 

Sr 


e^ A( 


-3 



where 



E = V^aij — Vitr§(a) — [au — Sutrg{a 
V = hu-5utr^g{b). 
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Theorem 4.1 in [^ indicates if (X, g, h) is asymptotically null spacelike 
hypersurface of order r > | in vacuum Bondi's radiating spacetime 
fITT]) . then 



y l<i<3 

and the equality implies the spacetime is flat over X. (Theorem 4.1 
was proved for r = 3. However, the argument goes through if c\u=o = 
d\u=o = for the above (X,g,h) in the Bondi's radiating spacetimes. 
See also Theorem 3.1 and Remark 3.1 in [22 • The sharp order t > | 
together with certain integrable conditions was also given in IH] 
to ensure the argument to work.) In general, the hyperbolic mass 
of an asymptotically null spacelike hypersurface is different from the 
Bondi mass of the null cone. For instance, if c\u=o or d\u=o is nonzero, 
Eq{X) — PqQC) may not be finite. 

Lemma 5.1. Let (L'^'"'^,^) be a vacuum Bondi's radiating spacetime 
with metric g given by \2.1\) . Let (^^,g,h) be a spacelike hypersurface 
u which is given by \3.^) for r sufficiently large. Denote L{(f), -0) = 
l{0,(j),ij), lI(/),i/j) = l{0,(/),i/j). Then 

£ ^ ^(c^ + d^) , 

^2 V / u=\) 

+— (M + 1603 + 15cco + 15rfrfo)„^o 
-— (L,2 + L cot 6' + L,3 CSC e) , 
^ ~ -^(3^-16a3 + 5cco + 5drfo)„^o 
+ -— (L,2 + L cot ^ + Z,3 CSC e) . 



2r3 



Proof : Note that 



4 4 

^22 + &33 ~ ^ (3M - 16a3 + 5cc,o + 5ddfi) ^^^ 

-— (L,2 + L cot ^ + L_3 CSC 9) . 
Using the formula 

Vfcajj = ek{aij) - aji^uih) - au^ijiek), 
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we obtain 

S = ej{aij) - ajiuiiicj) - anUijicj) - Vitr§(a) 

+022 + CtSS 

^ -— (L2 + Lcot^ + L,3Csc6') 



+ 5 ic^ + cP') n 

^ -—^{L^2 + Lcote + L^3csc9) 

+ — {M + 16a3 + 15cco + 15ddo)^^^ 

^ --^ (3M - 16a3 + 5cc,o + 5rfc?,o)„^o 



2^3 

1 

2^ 



+ -^ (L,2 + L cot ^ + L,3 CSC ^) . 



Q.E.D. 



Theorem 5.1. Let (L ' ,^) be a vacuum Bondi's radiating spacetime 
with metric g given by h2.1\] . Suppose that Condition A and Condi- 
tion B hold and c\u=uo = d\u=uo = for some uq. Then 



mo{u)> Y^ m]{u) 



l<i<3 



for all u < Uq. If the equality holds for some u G (—00, Uq\, ll'^ is flat 
in the region foliated by all spacelike hypersurfaces which are given by 



u = Uq + Vl + r^ - r + oi—r, 



1 



forr sufficiently large. In particular, if the equality holds for allu < Uq, 
L^'^ is flat in the region {u < Uq}. 
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Proof : By translation, we can assume that uq = 0. Choose an 
asymptotically null spacelike hypersurface X which is given by (|3.3|) 
with 03 = for r sufficiently large. By Lemma f5. 11 we obtain 

f _ p « _J_(L, + icot« + L,3C=c«) + M^|M). 
Then Lemma 14.11 implies that 

o 

Therefore the first part of the theorem follows from ()5.H1 and Propo- 
sition 12.11 For the second part, if the equality holds for some u G 
{—oo,uo], then the equality holds for u = uq by Proposition 12.11 Thus 
L^'^ is flat over X and it follows. Q.E.D. 



6. Modified Bondi energy- momentum 

We can modify the definition of the Bondi energy-momentum to 
remove Condition B. Define the modified Bondi energy- momentum 

as 

m^{uo) = — [ Miuo,9,^)n''dS (6.1) 

An Js2 



for 1/ = 0,1,2,3. Then we can prove that 
d 

for z/ = 0, 1, 2, 3, and 



^j^[{c,of + {dflf)rfdS (6.2) 



-(mo- $:m?)<0 (6.3) 



^^ ■' 1<.<3 



under Condition A only. 



Now choosing the spacelike asymptotically null hypersurface X given 

D,6>, 
16 

2M{id,e,^i)) 



by dH with as = -MM:^. If c|,^o = 0, rf|„=o = 0, then 



£-r 






Therefore the following theorems are a direct consequence. 
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Theorem 6.1. Let (L^'^,^) be a vacuum Bondi's radiating spacetime 
with metric g given by \2.1\) . Suppose that Condition A holds. If (i) 
either A^(wo, 6', tj)) is constant, (ii) or c\u=uo = d\u=uo = for some uq, 
then 



mo{u)> jY^ m}{u) 
y i<j<3 

for all u < Uq. If the equality holds for some u E (— oo, uq], L^'"*^ is flat 
in the region foliated by all spacelike hypersurfaces which are given by 

u = Uo + Vl + r^-r -— h o(^) 

forr sufficiently large. In particular, if the equality holds for allu < uq, 
L ' is fiat in the region {u < uq ler-^ }■ 
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